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1 Introduction
It has been proposed [1] that, based on the AdS/CFT correspondence [2], the quantum
information metric may serve as a new tool to probe the bulk gravity. This proposed
correspondence requires an interesting new dictionary, which may shed a new light on the
issue of bulk decoding from the view point of eld theories.
The quantum information metric [3, 4], also known as delity susceptibility, measures
the distance between two innitesimally dierent quantum states. To dene this quantity
we start by considering a one-parameter family of states j	()i. The quantum information
metric G is dened as minus the coecient of the second order term in the expansion of
j h	(+ )j	()i j for small :
j h	(+ )j	()i j = 1 G2 +O(3): (1.1)
The denition can be naturally generalized to the case of a multi dimensional parameter
space, even though we will not consider that case in this paper.  could be any sort of
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parameter that labels a family of quantum states so its nature is very general, in this paper
we will specialize to a specic set up in which  is the coupling constant of a local operator
O in the Euclidean signature Lagrangian.
The quantum information metric has applications in understanding quantum phase
transitions or response of a quantum system under some spatially homogeneous perturba-
tions. Prime examples of the correspondence [1, 5{7] involve a d dimensional CFT per-
turbed by a scalar primary operator of dimension  and its gravity dual described by the
d+1 dimensional Euclidean Janus geometry [8, 9]. The overlap j h	(+ )j	()i j and the
corresponding quantum information metric can be realized by a path integral of the CFT
on RMd 1 (Md 1 being the spatial manifold where the CFT lives) with an operator O
turned on whose coupling jumps from  to + though the interface at  = 0 where  is the
Euclidean time coordinate ranged from [ 1;1]. The quantum information metric dened
in this manner diverges in general and needs to be regularized and renormalized, the details
of these procedures will be discussed in this paper. We note that the quantum information
metric will scale extensively as the spatial volume of the system denoted by VolMd 1. Be-
low we shall be interested in the quantum information metric only at critical point where
 = 0. In case of an exactly marginal deformation criticality is preserved at any values of 
and one nds that the quantum information metric is  independent. We shall further limit
our consideration to the cases of scalar primary operators with the restriction  > d+12 .
With the choice of Md 1 = Rd 1 one nds that the (renormalized) quantum infor-
mation metric of a scalar primary operator vanishes rather trivially [6]. In this note we
shall instead consider the quantum information metric on R Sd 1 with a scalar primary
operator turned on, this set up was rst considered in [6]. When 2  d+ 1 is not an even
integer, the result turns out to be nite and independent of RG scale. For 2  d+ 1 even
the quantum information metric involves a logarithmic term which depends on the radius
of the d   1 sphere times the RG scale. Thus the quantum information metric becomes
anomalous in this case. We shall present an explicit formula of the quantum information
metric for any d and integral  (with  > d+12 ). We shall verify this formula for various
cases using both gravity and eld theory computations. We nd that the degrees of free-
dom relevant to the information metric can be thought of living in a d   1 dimensional
theory localized on the interface Md 1.
In section 2 we present the path integral formulation of the quantum information metric
including its regularization. In section 3 we carry out the eld theory computation and
give the formula for the renormalized quantum information metric. We check this formula
for various cases eld theoretically. In section 4 we recover the eld theory computation
from the dual gravity side. This way the holographic regularization scheme adopted in
this note will be justied. In section 5 we relate the quantum information metric to the
interface free energy of the conformal Janus on Euclidean Sd. Last section is devoted to
the concluding remarks and, in appendix A, we explain our normalization of the two point
function of operators that is consistent with our gravity description.
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2 Path integral formulation of the quantum information metric
We rstly review the denition of the quantum information metric on the eld theory side.
We will use the same formalism and arguments used in [1]. In particular we focus on the
quantum information metric for a CFT ground state deformed by a scalar primary operator.
We assume that the CFT lives on a d dimensional cylinder R  Sd 1 and that it has an
Euclidean signature Lagrangian L0 of a real scalar eld . If one wants to be more general
one can think of  as schematically representing all the fundamental elds of the theory.
A generic state j' i is described by a function '(
) on Sd 1, with 
 being the unit
vector in Rd parameterizing Sd 1. The overlap between the ground state j	0i and the
generic state j' i is obtained by the following Euclidean path integral:
h' j	0i = 1p
Z0
Z
(=0;
)='(
)
D exp

 
Z 0
 1
d
Z
dd 1

p
gSd 1L0

; (2.1)
where Z0 is the partition function for the theory on the cylinder and gSd 1 is the determi-
nant of the metric of the sphere. For simplicity we set the radius of the sphere r to one,
i.e. we measure lengths in units of r. We eventually restore factors of r using dimensional
analysis.
At this point we can consider deforming the theory by a primary operator O of con-
formal dimension . The new Euclidean Lagrangian will be given by
L1 = L0 + O: (2.2)
By the same arguments used above the overlap between a generic state j' i and the ground
state of the new Lagrangian L1, indicated by j	1i, can be written as:
h' j	1i = 1p
Z1
Z
(=0;
)='(
)
D exp

 
Z 0
 1
d
Z
dd 1

p
gSd 1L1

: (2.3)
We can then compute the overlap between the ground state of the original theory and the
ground state of the deformed theory. We nd
h	1j	0i =
Z
D' h	1j'i h'j	0i (2.4)
=
R D exp  R 0 1 d R dd 1
pgSd 1L0   R10 d R dd 1
pgSd 1L1
(Z0Z1)1=2
:
One should regard this result as a formal equation. In fact, because of the sudden change
in the action at  = 0, this path integral suers UV divergences which require regulariza-
tion and renormalization. We introduce a regulator  by deforming the state j	1i in the
following way:
j	1i =
e H0 j	1i
(h	1je 2H0 j	1i)1=2
: (2.5)
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|~x| = 1
τ = 0
τ
Sd−1
Figure 1. A map from Rd to R Sd 1.
This choice makes the path integral formulation of h	1j	0i well dened.1 One can now
perform an expansion of j h	1j	0i j for small . The regularized quantum information
metric is dened as minus the coecient of the 2 term
j h	1j	0i j = 1 G 2 +O(3): (2.6)
Using the path integral formulation and applying a perturbative expansion in  one nds
G =
1
2
Z
dd 1
1
p
gSd 1
Z
dd 1
2
p
gSd 1
Z  
 1
d1
Z 1

d2 hO(1;
1)O(2;
2)i : (2.7)
The regularization procedure eectively removes a strip shaped region centered on  = 0.
3 Field theory computation
To compute G we need to use the two point function for a primary operator on the
cylinder. We start with the two point function for Rd in Euclidean signature:
hO(P ; x)O( 0P ; x0)i =
N
(P    0P )2 + (x  x0)2
 (3.1)
where P indicated the Euclidean time. We choose the following normalization constant
N = 2 `
d 1 d ()

d
2  (  d2)
(3.2)
where  = 116G , with the d+ 1 dimensional Newton's constant G, and ` is the AdS radius
scale appearing in the dual gravity description. This normalization is used to guarantee
agreement between bulk and eld theory side. We give a more detailed discussion and a
derivation of this relation in appendix A.
Since the metric of Euclidean signature Rd
ds2 = d2P +
d 1X
i
(dxi)2 = d2 + 2ds2Sd 1 (3.3)
1There are other ways to regularize this path integral, for example one could also consider to deform the
state j	0i. The regularization adopted here is convenient because it induces a nice geometrical regularization
for the quantum information metric.
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and the metric of the cylinder
ds2 = d2 + ds2Sd 1 (3.4)
are related by the conformal transformation  = exp(), we can easily nd the following
expression for the two point function on the cylinder
hO(1;
1)O(1;
2i = N
(2 cosh(1   2)  2
1  
2) : (3.5)
We depict the corresponding conformal map in gure 1. The form of the two point function
implies that in the  ! 0 limit one gets the following leading behavior for the quantum
information metric
G  d 2+1: (3.6)
This is not a surprise. In fact we recover the same leading behavior as the case of a CFT
living in at space [1, 5, 6].
What makes the conguration of the cylinder more interesting is the existence of
a physical universal contribution. In addition, even if at space and the cylinder are
conformally equivalent, the quantum information metric on the cylinder cannot be inferred
in general by the knowledge of the quantum information metric in at space. This is due
to the fact that we are turning on dimension-full coupling constants in the path integral
formulation which results in the breaking of conformal symmetry.
In the following we focus on integer values of the conformal dimension  and we take
 > (d + 1)=2 to avoid the issue of infrared divergences. We now start to work on the
integral appearing in equation (2.7). We x 
2 and we integrate over 
1. Since 
2 is xed
we can take it as the north pole for the coordinates system used in the 
1 integration. We
then haveZ
dd 1
1
p
gSd 1 hO(
1; 1)O(
2; 2)i = N
Z 
0
d
sin d 2 VolSd 2
(2 cosh(1   2)  2 cos ) : (3.7)
The integral
I =
Z 
0
d
sin d 2
(2 cosh(1   2)  2 cos ) (3.8)
can be performed and it produces the following result:
I =
8>><>>:
3=22 ( 1)n+1(cosh(1 2)+1)  2F1

n  1
2
;;2n 1; 2
cosh(1 2)+1

 ( 32 n) (n)
d = 2n
p
2 (n 1)!(cosh(1 2)+1)  2F1

n;;2n; 2
cosh(1 2)+1

 (n+ 12)
d = 2n+ 1
(3.9)
We can use the fact that I depends only on the dierence 1 2 to simplify the form of G:
G =
1
2
NVolSd 2VolSd 1
Z 1

d1
Z  
 1
d2I(1   2): (3.10)
At this point we change variables. We introduce u = 1  2 and v = 1 + 2. The Jacobian
give a factor of 1=2. We are then left with
G =
1
4
NVolSd 2VolSd 1
Z 1
2
du
Z u 2
 u+2
dv I(u)
=
1
2
NVolSd 2VolSd 1
Z 1
2
du(u  2) I(u): (3.11)
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As ! 0 G admits the following expansion:
G = a 2+d+1
 
r
 2+d+1
+a 2+d 1
 
r
 2+d 1
+   +a0 + b0 log 
r
+O() (3.12)
where we have restored the radius r of the spatial sphere where the CFT lives. The loga-
rithmic term is present only when 2   d  1 is even.
To extract the universal piece one has in general to construct counterterms that need
to be added to action. This is a standard procedure in QFT. We choose to work in the
minimal subtraction scheme. Once the power divergences are removed we can identify the
universal piece in
G =
(
 b0 log r if 2  d  1 is even
a0 otherwise:
(3.13)
where  is the renormalization scale. This is can be explained heuristically when  = d.
In fact the path integral formulation can be interpreted as the partition function of a eld
theory with a conformal defect. The conformal defect lives in d  1 dimension, it is not a
surprise that the anomalous term (logarithmic divergence) appears for d odd.
The computation of G is in principle a well posed problem and it is easy to work on
specic cases, however it seems that a generic derivation of G is dicult to obtain. Based
on numerous checks we propose that the universal contribution of the quantum information
metric for a CFT living on the cylinder deformed by a scalar primary operator is given by
 d even:
G = `
d 1d
4
( 1)[  d 12 ]

 (2 ) (

2   d 22 )
2
 (  d2) (  d 22 )
VolSd 1 (3.14)
where VolSd 1 is the volume of unit Sd 1 given by
VolSd 1 =
2
d
2
 (d2)
(3.15)
 d odd:
G = G
log
 log r
Glog = `
d 1d
4
( 1)[  d 12 ]

 (2 ) (

2   d 22 )
2
 (  d2) (  d 22 )
VolSd 1

  2


: (3.16)
3.1 Checks
We now perform some explicit checks to validate the suggested formulas. We start by dis-
cussing in details a couple of specic examples to show how the computations can be carried
out. We then present a list of cases used to check the claims of equations (3.14) (3.16).
 d = 2: let us start by considering the explicit example  = 3. If we plug these values
in equations (3.9) and (3.11) we get the following expression
G = N3
Z 1
2
du
1
16
(u  2)(cosh 2u+ 2) csch5u: (3.17)
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This integral can be performed analytically. We can then expand G in a Laurent
series in , we nd
G = 2N3


5123
  
128
+
3
512
+O()

: (3.18)
The universal contribution is then given by
G =
`3
32
; (3.19)
where we used N3 = 8`=. This matches equation (3.14).
The same strategy can be applied to other values of . Here is a list of results
obtained:
G( = 4) =  `
12
G( = 5) =
3`
256
G( = 6) =  `
180
G( = 7) =
753`
524288
: (3.20)
Equation (3.14) correctly reproduces all these results.
 d = 3 and generic : let us focus on d = 3 on  integer
G =
1
2
NVolSd 2VolSd 1J (3.21)
J =
Z 1
2
du(u  2)I(u) (3.22)
I(u) = 2
 (coshu  1)    (coshu+ 1) tanh2 u2 + coshu  1
  1 : (3.23)
We change variable introducing z = tanh2 u2 . This produces
J = J1 + J2
J1 =
Z 1
tanh2 
22 2
 
1
z   1
  
z   z
(  1)(z   1)2pz dz
J2 =
Z 1
tanh2 
21 2
 
1
z   1
  
z   z cosh 1 z+11 z
(  1)(z   1)2pz dz: (3.24)
We can proceed as before. If  is integer we have that J2 has a logarithmic divergence
while J1 does not. So we focus on J2. The logarithmic divergence of J2 corresponds
to the coecient of the  1 divergence in @J2. We have
@J2 =
23 2
 
tanh2 2   1 csch2 2
  1 : (3.25)
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The only term that has a  1 divergence is
  2
3 2csch2 2
  1 : (3.26)
So we have the coecient of the log divergence as
Glog = 4
3NRes

 2
3 2csch2 2
  1
 
=0
: (3.27)
Here is a list of cases:
Glog ( = 3) = 4`
2
Glog ( = 4) =  
16`2
15
Glog ( = 5) =
16`2
175
Glog ( = 6) =  
256`2
3675
Glog ( = 7) =
256`2
14553
: (3.28)
Notice that equation (3.16) correctly reproduces all these results.
3.2 Marginal deformation
If the primary operator used to deform the theory is an exactly marginal operator ( = d)
equations (3.14) and (3.16) reduce to
G =
(
1
2`
d 1( 1) d2 VolSd 1 d even
1
`
d 1( 1) d 12 VolSd 1log r d odd:
(3.29)
We have checked these results explicitly for d = 2; : : : ; 8 using the same approach adopted
in section 3.1.
4 Holographic checks
In this section we rstly review the holographic set up for the computations of the quantum
information metric. We then proceed to examine some explicit examples.
4.1 Holographic formulation
We can write equation (2.4) as
h	1j	0i = Z2p
Z1Z0
(4.1)
where Z0 is the partition function of the undeformed CFT, Z1 is the partition function of
the theory obtained by deforming the original CFT with a primary scalar operator, Z2 is
the partition function of a theory obtained deforming the original CFT only for  > 0.
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These quantities can be computed holographically by computing the on shell action
of an Einstein-scalar theory with negative cosmological constant. We work in the large
N approximation, where the bulk theory is classical. In principle we would have to solve
the equations of motion asking that the metric is asymptotically AdS, i.e. for large u the
metric approaches
ds2 =

1 +
u2
`2

d2 +
du2
1 + u
2
`2
+ u2d
2d 1 + : : : (4.2)
(where the subleading terms start at order O(u 1)) and that the scalar eld dual to an
operator O in the eld theory side obeys the following boundary condition
lim
u!1u
d (u; ;
) = sk() (4.3)
where
s0() = 0
s1() = 1
s2() =
(
1 if   0
0 if   0:
(4.4)
The subscript indicates what boundary condition sk() needs to be chosen for the con-
struction of Zk, with k = 0; 1; 2.
Since in our computation we are only interested in innitesimal  we can perform a
perturbative analysis whose detailed explanation can be found in [6]. One nds
  logZk = IAdS + Ik +O(4); (4.5)
where IAdS is the on shell action of pure Einstein theory with negative cosmological constant
and Ik is the on shell action for scalar elds probing a xed AdS background. In particular
Ik = 
Z
@M
p
0n g
k@k; (4.6)
where M is the regularized version of AdS, 0 is the determinant of the induced metric
at the cut-o surface @M and n is the unit normal vector at @M. The details of
the regularization procedure will be spelled out later. As was carefully shown in [6], the
matter contributions Ik are solely responsible for the quantum information metric while
the contributions from the metric perturbation are of order 4 and can be safely ignored.
The rst step in our computation is to nd the prole of the scalar eld that obeys
the equation of motion derived by the following action:
S = 
Z
M
p
gd+1 (g
rr+m22): (4.7)
To do this we start with Poincare AdS with metric
ds2 =
`2
z2
(dz2 + dxidxi) (4.8)
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with i = 1;    ; d. On this space we can construct a scalar eld obeying the equation of
motion using the bulk to boundary propagator
(z; ~x) = c
Z
ddx0

z
z2 + (~x  ~x0)2

~s(~x0); (4.9)
where
c =
 
d=2
 
 
  d2

 ()
! 1
(4.10)
and ~s(~x) dictates the boundary behavior of the eld. We can reformulate the problem
in another system of coordinates where we write AdSd+1 in AdSd slicing. The change of
coordinates is given by:
z =
sinh p
cosh(y   p)
xi =
cosh y
cosh(y   p)

i (4.11)
and leads to
ds2 = `2

dy2 +
cosh2 y
sinh2 p
 
dp2 + ds2Sd 1

(4.12)
where y 2 ( 1;1) and p 2 (0;1). This space is global AdSd+1 and we identify its
boundary as the Euclidean cylinder RSd 1. In general the function ~s(x) is not invariant
under this change of coordinates. From the CFT point of view this is clear: we identify the
function ~s(x) as the coupling constant for the operator O dual to . Since O is in general
not marginal the change of coordinates produces a dierent coupling constant s(x) =
~s(x)jxjd . This means that if we want to impose a certain boundary condition s(x) on
the cylinder we need to choose the boundary condition in at space to be ~s(x) = s(x)jxj d.
Thus the eld  used to construct the various partition functions is obtained by per-
forming the following integral
(z; ~x) = c
Z
ddx0

z
z2 + (~x  ~x0)2

s(~x0)j~x0j d; (4.13)
with s(x) chosen to be
s0(~x) = 0
s1(~x) = 1
s2(~x) =
(
1 if j~xj  1
0 otherwise:
(4.14)
The map between at space and the cylinder sends the ball j~xj < 1 to the half cylinder
 < 0. This explains the form of ~s2(~x). Notice that 0 = 0. Once the eld k has been
constructed one needs to proceed to the computation of the on shell action. This quantity
is not nite and needs to be regulated. We have seen that the CFT regulator eectively
removes the region close to the interface from the path integral. Since we identify the AdSd
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y∞−y∞
Figure 2. We depict here the regularization in (y; p) plane of M. The regularization is dened by
the coordinate ranges y 2 ( y1; y1) and p 2 (;1).
slices as naturally dual to the interface an obvious bulk regularization is given by taking
p 2 (;1). This does not tame all divergences as the integration along the non compact
coordinate y will still produce innities. We then bound y to take value into ( y1; y1).
The presence of a second cut-o might seem bizarre, however we will notice that the nal
result will be nite in the y1 ! 1 limit. For a more detailed discussion of the two cut-
o procedure in holographic computations we refer to [10]. A sketch of the regularized
manifold is shown in gure 2.
Once the led k is constructed we proceed to the computation of the on shell action.
In particular one nds
2
VolSd 1`d 1
Ik =
Z 1


cosh y
sinh p
2
@y
2
k

y=y1
dp 
Z 1


cosh y
sinh p
2
@y
2
k

y= y1dp
 
Z y1
 y1
@p
2
k

p=
dy: (4.15)
Putting all the contributions together gives
G =
VolSd 1
2
`d 1
 Z 1

dp
cosh2 y
sinh2 p
 
@y
2
2   @y21
 jy=y1
 
Z y1
 y1
dy

@p
2
2  
1
2
@p
2
1
 
p=

(4.16)
At this point we can safely take the y1 !1 limit. The result will be divergent as ! 0,
however it is going to contain a universal term. The universal term will be the nite term for
d even and the coecient of the logarithmic divergence for d odd. In all cases we will in gen-
eral be able to subtract the power divergences by the use of counterterms. Since the cut o
surface is more complicated than the one usually used for holographic normalization a rigor-
ous derivation of the construction of the counterterms is not available. However notice that
our set up is similar to an interface eld theory. Since the counterterms are used to regulate
the divergences associated with the interface one would expect that the counterterms are
localized on the p =  surface. This surface preserves some of the bulk symmetries, it is then
natural to look for counterterms that respect this symmetry. If one tries to construct such
counterterms one would discover that they involve only odd powers of . For this reason it
is safe to assume that a minimal regularization scheme can be performed also in the bulk.
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4.2 Explicit examples
In this section we explicitly construct a couple of examples to show how the quantum
information metric can be obtained holographically.
4.2.1 d = 2  = 6
We can evaluate the integral appearing in equation (4.13). The result is more conveniently
expressed in the coordinates of equation (4.12). We nd
1 = cosh
4 y csch4p+ cosh2 y csch2p+
1
6
2 =
ey sech5y csch4p
1536

3
 
e2y + e4y + 6
  
6e2y + e4y + 11

+
+2
 
53e2y + 19e4y + 3e6y + 85

cosh 2p+
 
5e2y + e4y + 10

cosh 4p

(4.17)
We can now proceed and plug the expression for the led in equation (4.16). In the ! 0
limit we nd that there is a constant cut o independent term:
G =  `
180
(4.18)
which agrees with the result derived in equation (3.20). In the same way it is quite easy
to nd the quantum information metric holographically when both d and  are even.2
We performed this computation for various cases nding always perfect agreement with
equation (3.14).
4.3 Marginal deformation
In case of a marginal deformation ( = d) we can nd the expression of the quantum
information metric for any dimension d. The reason for it is that since the coupling
is marginal the source does not transform when changing coordinates. This makes the
integral easier. One nds the following expression for the quantum information metric3
G =
  
 
1+d
2

`d 1
 (d=2)
2d=2
 (d=2)
Z 1=
0
rd 1p
1 + r2
dr: (4.19)
We want to extract the universal contribution of this quantity.
4.3.1 d odd
For d odd this term has a logarithmic divergence. So we can look at minus the coecient
of the 1= divergence of G.
Glog =
  
 
1+d
2

`d 1
 (d=2)
2d=2
 (d=2)
Res

 dp
2 + 1
 
=0
= 2`d 1
( 1)(d 1)=2d=2 2
 (d=2)
(4.20)
2The main obstruction when either d or  is odd is to solve the integral of equation (4.13).
3For a detailed derivation we refer to [6].
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where we used
Res

 dp
2 + 1
 
=0
=
( 1)(d 1)=2   d2p
 
 
d+1
2
 : (4.21)
Equation (4.20) matches equation (3.29).
4.3.2 d even
For d even we have Z 1=
0
rd 1p
1 + r2
dr =
1
2
( 1) d=2B  1
2

d
2
;
1
2

; (4.22)
where B  1
2
 
d
2 ;
1
2

indicate the incomplete beta function. We now need to isolate its con-
stant term. To do that we express the incomplete beta function in terms of the hypergeo-
metric function
Bz(A;B) =
zA 2F1(A; 1 B;A+ 1; z)
A
(4.23)
and we use the following property of the hypergeometric function:
2F1(a; b; c; z) =
( z) a (c) (b  a) 2F1
 
a; a  c+ 1; a  b+ 1; 1z

 (b) (c  a)
+
( z) b (c) (a  b) 2F1
 
b; b  c+ 1; a+ b+ 1; 1z

 (a) (c  b) : (4.24)
Using these equations with z =   2; A = n;B = 1=2; a = A; b = 1   B; c = A + 1 gives
the following resultZ 1=
0
rd 1p
1 + r2
dr =
 
 
1
2   d2

 
 
d
2

2
p

+
1 d 2F1
 
1
2 ;
1
2   d2 ; 32   d2 ; 2

d  1 : (4.25)
We can now expand the hypergeometric function for small . Since d is even the second
term will correspond to a Laurent expansion with only odd powers of . Thus the only
nite part is the rst contribution. We are then left with:
G = `
d 1 ( 1)
d
2
d
2
 
 
d
2
 (4.26)
which agrees with equation (3.29).
5 Information metric and interface free energy of conformal Janus on Sd
In this section we relate the quantum information metric on the cylinder to the free energy
of a conformal Janus conguration on the Euclidean sphere.
As usual we start with the expression of the overlap between the deformed ground
state and the undeformed one:
h	1j	0i = Z2p
Z1Z0
(5.1)
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We can compute the Zk holographically by Zk = exp( Ik) where Ik is the on shell action
of a Einstein-dilaton theory. If the deformation is marginal we have
Z0 = Z1 = exp( IAdS); (5.2)
and thus
h	1j	0i = exp( (I2   IAdS)): (5.3)
If we expand the left hand side for small  we have
h	1j	0i = 1 G2 +O(3) (5.4)
Thus
log(h	1j	0i) =  G2 +O(3) =  (I2   IAdS); (5.5)
which results in
F = G
2 +O(3): (5.6)
Therefore the free energy of a Janus interface at second order in the Janus deformation
parameter reproduces the quantum information metric for a CFT ground state living on
R Sd 1.
At this point we want to relate the computation of the quantum information metric
on R Sd 1 to the computation of the free energy on Sd. We can map the cylinder to the
sphere. A way to do this is to take the cylinder with metric
ds2cyl = d
2 + ds2Sd 1 (5.7)
and conformally map it to a sphere with metric
ds2Sd = d
2 + sin2 ds2Sd 1 (5.8)
by using the following change of coordinates
 = log(tan(=2)): (5.9)
We are allowed to perform the change of coordinates because the elds well behave at
 = 1. We will return on this detail later. Under the map (5.9) the interface at  = 0
is mapped to the equator of the sphere, the  > 0 (< 0) region is mapped to the northern
(southern) hemisphere and the cut o surfaces  =  are mapped to cut o surfaces
located at constant  = 2 arctan(e).
To nd the quantum information metric on the cylinder one has to computeZ
1>
Z
2< 
hO(1;
1)O(2;
2)i : (5.10)
Under the conformal transformation (5.9) this maps toZ
~N
Z
~S
hO(1;
1)O(2;
2)i ; (5.11)
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where ~N ( ~S) indicates the (regularized) northern (southern) hemisphere Using a path
integral construction we could have derived this formula by looking at the second order
contribution in  of Fsphere. This indeed shows that we can compute the quantum
information metric for a marginal deformation by looking at the leading order contribution
of the interface free energy.
This result can be checked analytically in the bulk. The interface free energy for the
conformal Janus on the Euclidean sphere Sd has been computed in [11] for d = 2; 3 and
indeed the small  behavior matches the computation of the quantum information metric
presented in this paper.
One could wonder if the same procedure can be applied for the quantum information
metric of a CFT living on R  Rd 1. In this case the interface is a codimension one
plane. A conformal transformation between this conguration and a sphere with interface
extended along the equator is available. Before performing the conformal map one has to
compactify the space. This is not possible in this set up. The reason is that the interface
extends to innity, thus the elds generally speaking would have a non trivial behavior at
large distances. We cannot therefore make the manifold compact.
The argument explained in this section fails if the deformation is not marginal. For
a non marginal deformation the conformal transformation will change the eective source.
Therefore the usual conguration on the cylinder would be mapped to a conguration on
the sphere with a coupling constant that depends on the polar angle.
We conclude the section with a comment about regularization. On the cylinder the reg-
ularization is performed by excluding from the path integral the region close to the interface:
we put cut os at  = . These cut o surfaces are mapped to  = 2 arctan(e)  =2,
which looks appealing since it is the natural cut o one would use. However it is important
to stress that generically one should make use of the entire expression  = 2 arctan(e)
since the relation between the cut os in the two geometries is non linear and thus trun-
cating the relation for small  could suppress some potential nite contributions.
6 Concluding remarks
In this note we compute the quantum information metric for the ground state of a CFT
living on RSd 1 perturbed by a scalar primary operator. We nd that when 2   d+ 1
is even the renormalized quantum information metric becomes anomalous depending on
the radius of the sphere, explicitly breaking the scale symmetry of the underlying CFT,
otherwise it is nite and scale independent. For integral values of  ( > d+12 ) we present
an explicit formula for the quantum information metric, which is veried for various cases
both by gravity and eld theoretic computations. The renormalized quantum information
metric is well dened physically and can be measured experimentally in principle. Since we
now have denite predictions for the quantum information metric, our results can be used
to clarify a possible relation between the quantum information metric and other quantities
like quantum complexity [12{15].
We nd that the degrees of freedom responsible for the quantum information metric
are organized in a d 1 dimensional theory that may be viewed as localized in the interface
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Sd 1. A similar observation holds for the conformal Janus on Euclidean Sd whose interface
is given by the equatorial sphere Sd 1 [11]. In that case the interface contribution of the free
energy shows the characteristics of d 1 eld theory living on the interface Sd 1. We showed
a precise match between these two dierent observations, in particular we established that
the quantum information metric for an exactly marginal deformation reproduces the leading
term of the interface free energy of the conformal Janus. It will be interesting to see if this
match can be generalized to the cases of non marginal operators near the critical point.
Further investigation is required in this direction.
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A Two point function normalization
In this appendix we explain our normalization of the two point function of operators that
is consistent with our gravity description.
A.1 Normalization of boundary-bulk propagator
The bulk to boundary propagator in Poincare coordinates is given by
K(x;x0; z) = c
z
(z2 + jx  x0j2) : (A.1)
The constant c is xed by requiring that as z ! 0 one has
K(x;x0; x) = zd d(x  x0): (A.2)
We then have
1 =
Z
ddxz dK(x;x0; z) = c
Z
ddx
z2 d
(z2 + jx  x0j2) : (A.3)
At this point we change variable of integration by dening x  x0 = zy, obtaining
1 = c
Z
ddy(1 + y2)  (A.4)
from which we nd
c =
 
VolSd 1
 
 
d
2

 
 
  d2

2 ()
! 1
: (A.5)
This leads to (4.10).
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A.2 Normalization constant of the two point function
The two point function on the CFT side is given by
hO(x1)O(x2)i = Njx1   x2j2 : (A.6)
The constant N has to be chosen such that hexp(
R
JO)iCFT = exp ( Ibulk), where Ibulk
is the on shell action of the bulk theory. We consider for the gravity side a free massive
scalar. We have that, given the boundary condition J , the eld is reconstructed in the
bulk using the boundary to bulk propagator:
(x; z) = c
Z
ddx0
zJ(x0)
(z2 + jx  x0j2) : (A.7)
As we approach the boundary we have that the leading contribution is given by
K(x;x0; z) =
8<:zd d(x  x0) if x = x0c zjx x0j2 : if x 6= x0: (A.8)
This means that we have the following expansion for the eld close to the boundary
 = J(x)zd  +   + cz
Z
ddx0
J(x0)
jx  x0j2 +    (A.9)
The rst part of this equation involves only local terms, as we know that for x 6= x0 K  z.
In the following we will need also @z, we have
@z = (d )J(x)zd  1 +   + cz 1
Z
ddx0
J(x0)
jx  x0j2 +    (A.10)
The Euclidean action is given by
Ibulk = 
Z
ddxdz
p
g(@@g
 +m22) (A.11)
We regularize it by putting a cut o at z = . Integrating by parts and using the equations
of motion gives
Ibulk =  
Z
z=
ddx(
p
ggzz@z): (A.12)
The nite part of the on shell action is
Ibulk =  
Z
z=
ddx

J(x)c
Z
ddx0
J(x0)
jx  x0j2 + J(x)c(d )
Z
ddx0
J(x0)
jx  x0j2

= cd
Z
z=
ddxddx0
J(x0)J(x)
jx  x0j2 : (A.13)
Assuming that the counter terms do not change the nite part of the action (which we
know to be true for our set up, even if one has a non trivial cut o surface) we have
N = 2`d 1cd = 2`
d 1d ()
d=2 
 
  d2
 (A.14)
The normalization of two-point function was computed in [16], whose result disagrees
with ours by an extra factor of =d. Note that the authors of [16] suggested that the
normalization they used needed a modication for  6= d.
{ 17 {
J
H
E
P
0
9
(
2
0
1
7
)
0
8
6
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
References
[1] M. Miyaji, T. Numasawa, N. Shiba, T. Takayanagi and K. Watanabe, Distance between
quantum states and gauge-gravity duality, Phys. Rev. Lett. 115 (2015) 261602
[arXiv:1507.07555] [INSPIRE].
[2] J.M. Maldacena, The large-N limit of superconformal eld theories and supergravity, Int. J.
Theor. Phys. 38 (1999) 1113 [hep-th/9711200] [INSPIRE].
[3] S.L. Braunstein and C.M. Caves, Statistical distance and the geometry of quantum states,
Phys. Rev. Lett. 72 (1994) 3439 [INSPIRE].
[4] S.-J. Gu, Fidelity approach to quantum phase transition, Int. J. Mod. Phys. B 24 (2010)
4371 [arXiv:0811.3127].
[5] D. Bak, Information metric and Euclidean Janus correspondence, Phys. Lett. B 756 (2016)
200 [arXiv:1512.04735] [INSPIRE].
[6] A. Trivella, Holographic computations of the quantum information metric, Class. Quant.
Grav. 34 (2017) 105003 [arXiv:1607.06519] [INSPIRE].
[7] M. Alishahiha and A. Faraji Astaneh, Holographic delity susceptibility, arXiv:1705.01834
[INSPIRE].
[8] D. Bak, M. Gutperle and S. Hirano, A dilatonic deformation of AdS5 and its eld theory
dual, JHEP 05 (2003) 072 [hep-th/0304129] [INSPIRE].
[9] D. Bak, M. Gutperle and S. Hirano, Three dimensional Janus and time-dependent black
holes, JHEP 02 (2007) 068 [hep-th/0701108] [INSPIRE].
[10] M. Gutperle and A. Trivella, Note on entanglement entropy and regularization in holographic
interface theories, Phys. Rev. D 95 (2017) 066009 [arXiv:1611.07595] [INSPIRE].
[11] D. Bak, A. Gustavsson and S.-J. Rey, Conformal Janus on Euclidean sphere, JHEP 12
(2016) 025 [arXiv:1605.00857] [INSPIRE].
[12] L. Susskind, Computational complexity and black hole horizons, Fortsch. Phys. 64 (2016) 44
[Addendum ibid. 64 (2016) 44] [arXiv:1403.5695] [INSPIRE].
[13] A.R. Brown, D.A. Roberts, L. Susskind, B. Swingle and Y. Zhao, Holographic complexity
equals bulk action?, Phys. Rev. Lett. 116 (2016) 191301 [arXiv:1509.07876] [INSPIRE].
[14] A.R. Brown, D.A. Roberts, L. Susskind, B. Swingle and Y. Zhao, Complexity, action and
black holes, Phys. Rev. D 93 (2016) 086006 [arXiv:1512.04993] [INSPIRE].
[15] M. Alishahiha, Holographic complexity, Phys. Rev. D 92 (2015) 126009 [arXiv:1509.06614]
[INSPIRE].
[16] D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Correlation functions in the
CFTd/AdSd+1 correspondence, Nucl. Phys. B 546 (1999) 96 [hep-th/9804058] [INSPIRE].
{ 18 {
